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Abstrat This work is devoted to the exat statistial mehanis treatment of simple inhomogeneous few-body
systems. The system of two Hard Spheres (HS) onned in a hard spherial pore is systematially analyzed in
terms of its dimensionalityD. The anonial partition funtion, and the one- and two-body distribution funtions
are analytially evaluated and a sheme of iterative onstrution of the D + 1 system properties is presented.
We analyse in detail both the eet of high onnement, when partiles beome aged, and the low density
limit. Other onnement situations are also studied analytially and several relations between, the two HS in
a spherial pore, two stiked HS in a spherial pore, and two HS on a spherial surfae partition funtions are
traed. These relations make meaningful the limiting aging and low density behavior. Turning to the system
of two HS in a spherial pore, we also analytially evaluate the pressure tensor. The thermodynami properties
of the system are disussed. To aomplish this statement we purposely fous in the overall harateristis of
the inhomogeneous uid system, instead of onentrate in the peuliarities of a few body system. Hene, we
analyse the equation of state, the pressure at the wall, and the uid-substrate surfae tension. The onsequenes
of new results about the spherially onned system of two HS in D dimension on the onned many HS system
are investigated. New onstant oeients involved in the low density limit properties of the open and losed
system of many HS in a spherial pore are obtained for arbitrary D. The omplementary system of many HS
whih surrounds a hard sphere (a avity inside of a bulk HS system) is also disussed.
1 Introdution
The Hard Spheres (HS) and Hard Disks (HD) systems have attrated the interest of many people, beause they
onstitute prototypial simple uids and even solids [3,5,17,29,44,48,53℄. The extension to arbitrary dimen-
sionality of this hard spherial partile system has been the objet of several studies too [7,14,15,27,31,32,54℄.
Though the apparent simpliity of these systems, only a few exat analytial results for the homogeneous system
are known onerning mainly the dimensional dependene of the rst four virial oeients [14,30,32℄ existing
numerial extensions to higher order [15,25℄. Exat virial series studies has been also done in inhomogeneous
systems [8,34,45℄ in three dimensions. Reently some attention was dediated to very small and inhomogeneous
systems of HS and HD onned in small vessels. The study of small systems onstrained to dierently shaped
avities has enlightening aspets of loss of ergodiity, glass transitions, thermodynami seond law, and some
other fundamental questions of statistial mehanis and thermodynami [4,22,24,39,46,47,55℄.
The exat evaluation of the properties for ontinuous (non-lattie) inhomogeneous systems of few partiles
is a new trend in statistial mehanis. The analyzed systems are usually HS and HD where the hard potential
represents the simplest non null interation and dierent ensembles approah may be done. An indiret result
of these alulations is the exat volume, size and even number of partile dependene of low order luster
integrals [8,21,26,34,49℄. Until now, the systems of two and three equal HDs in a retangular box has been
solved [13,38℄ more reently two HS in a box [51℄ and two HS and HD in a hollow or spherial avity [49℄ were
studied. A systemati dimensional approah of the two HS in a box system was also done in [51℄, where an
iterative onstrution framework was adopted for the inreasing dimensional system, but only the two and three
dimensional systems were expliitly solved. In this work we fous on the analytial evaluation of the Canonial
Partition Funtion (CPF) for two HS partiles onned in a Hard Wall spherial pore (HWSP) in arbitrary
dimension D, from now on 2-HS-HWSP. Then this work may be seen as the omplement and the dimensional
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generalization of [49℄. In the rest of the manusript we will use HS as the dimensional generalization of Hard
Spheres. With the purpose to avoid any onfusion we should mention that pore and avity are synonyms along
present work (PW). Sometimes, an empty spherial spae inside of a bulk uid was also alled a avity in the
literature.
From a more general point of view, the objet of this manusript is the exat analyti study of an inhomoge-
neous uid system with spherial interfae. This general problem is urrently studied beause of an inomplete
understanding of the surfae tension behaviour in presene of urved interfaes [9,11,12,33,43℄. It seems that
the spherial symmetry is the simplest one, and then the prinipal subjet of several works on urved interfaes
but deviations from spheriity are also studied [33℄. The suspended drop on its vapor [9,10,19℄, the bubble of
vapor on its liquid, the uid in ontat with a spherial onvex substrates (or avity in the liquid) [11,12,19,
20℄, and the uid onned in a spherial vessel or pore [11,18,40℄ are dierent systems in whih the spherial
inhomogeneity of the uid is entral and urrently, the study of these systems are onverging to the analy-
sis of the urvature dependene of physial magnitudes [11℄. Partiularly relevant for PW are suh works on
HS systems [12℄ and Hard Wall spherial substrates [11,20℄. PW seen on this ontext, shows the dimensional
dependene of an analytial solvable system on this up to date and relevant problem in statistial mehanis
and thermodynamis. In PW we study a uid in ontat with a hard wall, therefore, we deal with the surfae
tension of a uid-substrate interfae. We know that the point of view of a two-partile uid may be somewhat
oniting. Few-body systems are not gases, nor liquids and neither solids, but we wish to emphasize that the
toolbox of statistial mehanis must be appliable also to the two partiles inhomogeneous system, despite of
whether it is uid or not. Naturally, the ergodi harateristis of the system must be onsidered. We may note
that the equivalene between dierent ensembles of statistial mehanis is here invalid. The use of the anonial
ensemble enable the analysis of suh few-body system. In PW it is assumed that the 2-HS-HWSP system is
well desribed by the onstant temperature ensemble without angular momentum onservation, i.e. the usual
anonial ensemble, but dierent assumptions may be done [52℄. The marosopi open inhomogeneous system
of many HS, interating with a Hard Wall and even in a HWSP were studied in a virial series way by Bellemans
[8℄ and, Steki and Sokolowski [45℄ for D = 3. The virial series or density and urvature power series expansion
of statistial mehani magnitudes are of the highest importane, beause are a soure of exat results, whih
guide the development of the eld. Therefore, we will make ontat between PW and several luster integrals
reported in [8,45℄. The rst terms of the density and urvature expansion of the grand anonial potential,
surfae tension, and adsorption are easily obtained as a by produt of the Conguration Integral (CI) of 2-HS-
HWSP. Then, we present the value of some integral oeients related to thermodynamial properties of open
inhomogeneous systems and omment on this until now unknown dimensional dependene.
In Setion 2 we show how a spherial pore that ontains two HS an be treated as another partile. There
we bring up the entral problem solved in PW, the evaluation of CPF and distribution funtions of 2-HS-
HWSP in D dimensions. We also establish a relation between its CI, the CI of three HS and the third pressure
virial oeient for the bidisperse homogeneous system of HSs. The exat analytial evaluation of its statistial
mehani properties is done in Setion 3 where we do a detailed inspetion of the highest and lowest density
limits and make the link with the rst terms of the density power series oeients of some physial properties
of the bulk uid system. Prinipal harateristis of the one body distribution funtion are also analyzed. The
Setion 4 is devoted to trae the properties of two systems losely related to the 2-HS-HWSP: two stiked
spheres in a spherial pore and two spheres moving on a spherial surfae. The CI of the three systems are
strongly related as a onsequene of the introdued stiky bond transformation. A disussion of the mehanial
equilibrium ondition for spherial inhomogeneous systems and the analytial evaluation of the pressure tensor
is reported in Setion 5. The Equation of State, the (substrate-uid) surfae tension and other thermodynami
features of the 2-HS-HWSP are studied in Setion 6, where the density and urvature rst order terms of several
magnitudes are determined. Several relations with the bulk HS-HWSP open system and its onjugated system,
when HS partiles are outside of a hard spherial substrate, are also provided. Final remarks are given in Setion
7.
2 Partition funtion and Diagrams
We are interested in the properties of the CPF of twoD-Spherial partiles of diameter σ, whih are able to move
inside of a D-spherial pore of radius R′. The total partition funtion Q˜D splits on kineti and onguration
spae terms. The kineti term is given by Λ−2D where Λ = (2πβ~2/m)1/2 is the thermal de Broglie wavelength
and β = (kBT )
−1
. Then the entral problem solved in this work orresponds to the evaluation of CI, i.e., to
analytially solve QD
QD = Q˜DΛ
2D =
∫ ∫
eAeBeAB drAdrB , (1)
eAB = exp[−βφ(rAB)] = Θ(rAB − σ) , (2)
ei = exp[−βψ(ri)] = Θ(R − ri) , (3)
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where φ(rAB) is the hard ore potential between both spherial partiles, ψ(ri) is the external hard spherial
potential, i = A,B and QD is independent of temperature. The eetive radius is R = R
′ − σ/2 and Θ(x) is
the Heaviside unit step funtion (Θ(x) = 1 if x ≥ 0 and zero otherwise). Then a variation of σ at xed R does
not imply a volume variation. For future referene we introdue the Mayer funtions f (or f -bond)
eAB = 1 + fAB , fAB = −Θ(σ − rAB) ,
ei = 1 + fi , fi = −Θ(ri − σ) , (4)
funtions eA, eB and fAB may be seen as overlapping funtions, they take the unit value (positive or negative) if
ertain pair of spheres overlaps and beome null if the pair of spheres does not overlap, just the opposite apply
to the fA, fB and eAB non overlapping funtions. We are interested in the graph representation of Eq. (1) then
we will draw the positive overlap funtions, i.e. {eA, eB,−fAB}, as ontinuous lines, and positive non overlap
funtions, i.e. {−fA,−fB, eAB} as dashed lines. The graph of CI is then
QD =
P
BA
, (5)
where it is impliitly assumed the integration over the oordinates of both partiles A and B. The Eq. (5) shows
that the system is equivalent to a three partile system. We an apply the in-out relation for three bodies [49℄
performing a simple deomposition over the partile P in Eq. (5)
P
BA
P
BA
P
BA
BA
P
= +
= + +
P
BA
P
BA
. (6)
where minus one fators were omitted. All the integrals drawn as not fully onneted graphs an be evaluated
diretly beause they are fatorisable [21℄. Fousing on the fully onneted graphs, rst row relates the ong-
uration integral with the -shape and volume dependent- seond luster integral bD(V ) of the inhomogeneous
system, whih is also part of the third luster integral of the homogeneous multidisperse HS system [21℄. Seond
row separates the trivial volumetri term from the non trivial area-saling integral. For only two bodies we have
AP = VD(R) = R
DSD/D , (7)
BA = −VD(σ) = −2bD , (8)
SD = 2π
D/2/Γ (D/2) , (9)
where VD(R) and AD(R) = R
D−1SD are the volume and surfae area of the D-sphere of radius R, with SD the
solid angle. The Eq. (7) is the aessible volume for a partile in a pore with eetive radius R, i.e. the CI for
the one partile system, and Eq. (8) is twie the seond luster integral or seond pressure virial oeient in
the innitely homogeneous system of HS whih we name bD [21℄. With this presription bD is a positive dened
onstant. An interesting point is that an inner sphere with radius R−σ/2 exist, when this sphere had the same
radius of the partiles, i.e. σ/2 or R = σ, last integral in rst row of Eq. (6) is (minus) 2βvir2 where β
vir
2 is
the seond irreduible luster integral and −2βvir2 /3 is the third virial series oeient of the pressure for the
homogeneous HS system [21℄ in D dimensions.
3 The density distribution and CI integration
With the purpose of evaluate analytially QD we introdue a few geometrial funtions. The funtionWD(r, R1),
for 0 ≤ r ≤ 2R1, is the partial overlap volume between two spheres of radius R1 > 0 whih enters are separated
by a distane r, while for −2R1 ≤ r < 0, it measures the joined volume of partial overlapping spheres. The
volumes of intersetion and union of both spheres are related by WD(r, R1) = 2VD(R1) −WD(−r, R1). The
funtion ZD(r, R1), is a generalization of the above idea for −∞ < r < +∞,
ZD(r, R1) =

0 , if r > 2R1 ,
WD(r, R1) , if |r| ≤ 2R1 ,
2VD(R1) , if r < −2R1 .
(10)
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Similarly, for two spheres with dierent radii R1 and R2 (assuming R1 ≥ R2) and restriting now to r > 0 we
have the overlap volume ZD(r, R1, R2),
ZD(r, R1, R2) =

0 , if r > R1 +R2 ,
WD(r, R1, R2) , if R1 −R2 ≤ r ≤ R1 +R2 ,
VD(R2) , if 0 < r < R1 −R2 ,
(11)
where WD(r, R1, R2) is the volume in the partial overlap onguration. As a onsequene of the lens shape of
the interseting volumes of two equal and unequal spheres, they are related by
WD(r, R1, R2) =
1
2
WD(r
′, R1) +
1
2
WD(r
′′, R2) , (12)
with r′ = r+ (R21 −R22)/r, r′′ = r − (R21 −R22)/r and negative values of r′ and r′′ are possible due to Eq. (10).
We may transform Eq. (10) to a dimensionless funtion of x = r/(2R1)
ZD(r, R1) = VD(R1) ζD(x) = VD(R1)×

0 , if x > 1 ,
wD(x) , if − 1 ≤ x ≤ 1 ,
2 , if x < −1 ,
(13)
Funtion wD(x) for 0 ≤ x ≤ 1, measures the overlap or intersetion volume between two spheres with unit radii
separated by a distane x, whereas wD(−x) measures the join volume. Following the same idea Eq. (11) may
be expressed as a funtion of y = r/(2R¯) (with R¯ = (R1 +R2)/2)
ZD(r, R1, R2) = VD(R¯) ζD(y,∆) = VD(R¯)×

0 , if y > 1 ,
wD(y,∆) , if ∆ ≤ y ≤ 1 ,
wD(∆,∆) , if 0 ≤ y < ∆ ,
(14)
and ∆ = (R1 − R2)/(2R¯). For ∆ = 0 one gets y = x, ζD(y, 0) = ζD(x) and wD(y, 0) = wD(x). Fun-
tion wD(y,∆) measures the normalized overlap volume of two spheres with unit mean radius, asymmetry
∆, and enters separated by a distane y with ∆ ≤ y ≤ 1. The analysis of the properties of funtions
{ζD(x), ζD(y,∆), wD(x), wD(y,∆)} will be left to next subsetion 3.1. Now we shall point out that, follow-
ing a proedure depited in [49℄, we may write down two relevant distribution funtions. A pair distribution
funtion g˜(rAB) in whih the position of the pore enter was integrated, and the one body distribution ρ(rA)
[21℄
g˜(rAB) = Q
−1
D VD(R) eABwD(rAB/2R) , (15)
ρ(rA) = 2Q
−1
D VD(R) eA
[
1− (R + σ
2R
)D ζD
(
rA
R+ σ
,
R − σ
R + σ
)]
. (16)
Funtion g˜(rAB) is the probability density distribution of nding both partiles separated by a vetor rAB.
The normalization equations for these funtions are
∫
ρ(rA)drA = 2 and
∫
g˜(rAB)drAB = 1. We also introdue
g(rAB) = g˜(rAB)VD(R)/2 whih is essentially the usual presription of the pair distribution funtion in the
anonial ensemble (see Eq. (29.35) in [21℄). Performing the omplete integration (of Eq. (15) for example), it
is found the partition funtion
Q˜D = Λ
−2DSDVD(R)
∫ 2R
σ
rD−1 wD(r/2R) dr , (17)
= Λ−2DV 2D(R) 2
DD
∫ 1
z
xD−1 wD(x) dx = Λ
−2DV 2D(R) qD(z) , (18)
where z = σ/(2R) is positive, qD(z) is the redued CI, and qD(z) = 0 if z ≥ 1.
3.1 The auxiliary funtions wD(x) and wD(y,∆)
The overlap volume between two spheres with unit radii in any dimension, wD(x) for 0 ≤ x ≤ 1, introdued in
Eq. (13) is [7℄
wD(x) = I1−x2((D + 1)/2, 1/2) , (19)
being Ix(a, b) = Bx(a, b)/B(a, b) the normalized inomplete beta funtion, dened in terms of the beta funtion
B(a, b) = Γ (a)Γ (b)/Γ (a + b) and the inomplete beta funtion Bx(a, b) =
∫ x
0
dt ta−1(1 − t)b−1 [2℄. For future
referene we introdue the shortut BD ≡ 1/B((D+1)/2, 1/2) = SD+1/SD+2. We extend denition (19) following
Eqs. (10, 13) to wD(x)−1 = −(wD(−x)−1) for−1 ≤ x ≤ 0. In turn, due to the relation I1−x2(a, b) = 1−Ix2(b, a),
for −1 ≤ x ≤ 1 we have
wD(x)− 1 ≡ − sign(x) Ix2(1/2, (D + 1)/2) , (20)
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where sign(x) = 1 if x ≥ 0 and sign(x) = −1 if x < 0. Therefore, for D > 0, wD(x) is analyti for −1 < x < 1
and both {wD(x)− 1, ζD(x)− 1} are odd funtions. It is also possible to onstrut wD(x) from the reurrene
relations [7℄
w−1(x) = 1 , (21)
w0(x) =
2
π
arccos(x) , (22)
wD(x) = wD−2(x)− x
(
1− x2)(D−1)/2 2BD/D , (23)
B−1 = 0, B0 = 1/π and BD = D/(2πBD−1). Expressions for D = 1, 2, 3, 4, and 5 are
w1(x) = 1− x , (24)
w2(x) =
2
π
[
arccos(x)− x (1− x2)1/2] , (25)
w3(x) = 1− 3
2
x+
1
2
x3 , (26)
w4(x) =
2
π
[
arccos(x) −
(
5
3
x− 2
3
x3
)(
1− x2)1/2] , (27)
w5(x) = 1− 15
8
x+
5
4
x3 +
3
8
x5 . (28)
As far as we will need the asymptoti analysis of the wD(x) funtion, it is resumed here. In the x → 0 and
x→ 1 limits we have respetively
wD(x) = 1− 2 BD x+ D − 1
3
BD x
3 −O5(x) , (29)
wD(x) =
2(D+3)/2BD
D + 1
(1− x)(D+1)/2 (1 +O(1 − x)) . (30)
Following Eqs. (10)-(13) wD(y,∆) may be written as
wD(y,∆) =
1
2
(1 +∆)D wD(x
′) +
1
2
(1−∆)D wD(x′′) . (31)
with x′ = r′/2R1 = cos(θ1) = (y
2 +∆)/[y (1 +∆)] and x′′ = r′′/2R2 = cos(θ2) = (y
2 −∆)/[y (1 −∆)], here θi
is the angle opposite to the side of length Ri in the triangle (R1, R2, r), i.e. cos(θ1) = (−R21 +R22 + r2)/(2R2r)
and cos(θ2) = (R
2
1 − R22 + r2)/(2R1r). A reurrene relation for wD(y,∆) is derived in the Appendix A. From
Eqs. (21)-(28) or from Eqs. (132)-(139) of the Appendix A we have that the rst funtions of the series are
w−1(y,∆) = 1/(1−∆2) , (32)
w0(y,∆) = v0(y,∆) , (33)
vD(y,∆) =
1
π
(1 +∆)D arccos(
y2 +∆
y (1 +∆)
) +
1
π
(1 −∆)D arccos( y
2 −∆
y (1−∆) ) , (34)
leading to the following expressions for D = 1, 2, 3, 4, and 5
w1(y,∆) = 1− y , (35)
w2(y,∆) = − 2
π
(
(1− y2)(y2 −∆2))1/2 + v2(y,∆) , (36)
w3(y,∆) = (2y)
−1(1− y)2(2y + y2 − 3∆2) , (37)
w4(y,∆) = − 2
3π
y−2
(
(1− y2)(y2 −∆2))1/2 (2y4 − 5y2(1 +∆2)− 4∆2) + v4(y,∆) , (38)
w5(y,∆) = (2y)
−3(1− y)3(8y3 + 9y4 + 3y5 − 10∆2y2(3 + y) + 5∆4(1 + 3y)) , (39)
where Eqs. (32)-(39) apply for max(0, ∆) ≤ y ≤ 1.
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Figure 1 (olor online) Redued partition funtion qD(z) as a funtion of z = σ/2R for several dimensions. From left
to right D = 1, 2, 3, 4, 5, 10, and 50 last two in dashed line.
3.2 The redued CI
As shown in the Appendix B, the redued CI qD(z) dened in Eq. (17) may be written as
qD(z) = uD(z)− (2z)DwD(z) , (40)
for 0 ≤ z ≤ 1 while qD(z > 1) = qD(1) = 0, with
uD(z) = I1−z2 ((D + 1)/2, (D+ 1)/2) , (41)
valid for D ≥ 0 but not for D = −1. Quantity uD may be derived from the reurrene relation
u−1(z) = 1/2 , (42)
u0(z) = (2/π) arccos(z) , (43)
uD(z) = uD−2(z) + z
D−1(1 − z2)(D−1)/2(1
2
− z2)Γ (D)/Γ 2((D + 1)/2) . (44)
The CI for D = −1 and 0 are
q−1(z) =
1
2
(1 − 1
z
) , (45)
q0(z) = 0 , (46)
while for D = 1, 2, 3, 4, and 5 are
q1(z) = (1− z)2 , (47)
q2(z) =
2
π
[(
1− (2z)2) arccos(z) + z√1− z2 (1 + 2z2)] , (48)
q3(z) = 1− (2z)3 + 9z4 − 2z6 , (49)
q4(z) =
2
π
[(
1− (2z)4) arccos(z) + 1
3
z
√
1− z2 (3 + 2z2 + 56z4 − 16z6)] , (50)
q5(z) = 1− (2z)5 + 50z6 − 25z8 + 6z10 . (51)
It is apparent that CI for odd D is polynomial with order 2D and integer non null oeients at terms of order
0, D and D + 1 + 2k with k = 0, 1, 2, ..., (D − 1)/2. However, for even D partition funtion is not polynomial.
These and other interesting properties may be derived from the series representation of the inomplete beta
funtion (from [1℄ and Eq. (26.5.4) of [2℄). Funtion qD(z) is plotted in Fig. 1 for several values of D. For all
D ≥ 0 we have qD(0) = 1, qD(1) = 0, and for large D limit qD→∞(z) = Θ(2−1/2 − z). Let us now look at some
asymptoti behavior.
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Large avity limit: The innitely dilution or large avity limit z → 0 (i.e. σ/R → 0) an be studied from the
series representation of the redued partition funtion qD(z) near z ≃ 0,
qD(z) = 1− zDC1,0 + zD+1C1,1 + zD+3C1,2 +
∞∑
k=1
zD+3+2kC1,2+k , (52)
where we introdue a set of dimensional dependent onstants {C} that will denote some power series oeients
through PW. Here, C1,0 = 2
D
, C1,1 = 2
D
BD
2D
D+1 and C1,2 = −2DBDD(D−1)3(D+3) . For odd D Eq. (52) is eetively
an order 2D polynomial. As we will see later, the onstant oeients {C1,0, C1,1, C1,2} are involved in physial
properties of the equivalent many body system. From Eqs. (1) and (18) we obtain
QD = V
2
D(R)− VD(R) 2bD +AD(R) 2aD − JJD(R) 2δ(1)D +OD−5(R) , (53)
written in terms of the extensive squared mean urvature JJD(R) = AD(R) · (D − 1)2 ·R−2. The oeients of
area and urvature are
aD = bD+1(2π)
−1 , (54)
δ
(1)
D = bD+3
D + 1
D − 1 (2
53π2)−1 , (55)
and δ
(0)
D = 0 orresponds to the absent term proportional to AD(R)R
−1
. We may remark that urvature
dependene is neither proportional to total nor to Gaussian urvatures, j = (D − 1)/R and k = R−(D−1)
respetively. As may be expeted VD(R) 2bD is the rst non ideal orretion, and rst sign of inhomogeneity
and urvature dependene appears in the next two terms. They are deeply onneted with bD+j the seond
luster integral in higher dimensionality. Therefore, we are showing a diret relation between the -intrinsially
inhomogeneous- properties of 2-HS-HWSP and the low density limit properties of HS homogeneous system
in higher dimension. Equations (53, 54) and (55) also mixes the properties of systems with odd and even
dimensions. Finally, note that Eq. (53) is exat for D = 3 without the order D− 5 term [49℄ and oinidentally
j2 ∼ k with the onstant value JJ3(R) = 24π. Further, JJD(R) D+1D−1 |D=3 = JJ3(R) + 2K3(R) with the extensive
gaussian urvature KD(R) = AD(R) · k. Fixing R = σ the inner sphere and both partiles have the same size
and we obtain from Eqs. (6, 53)
2βvir2 |D=3= −(2b3)2 +A3(σ) 2a3 − JJ3(σ) 2δ(1)3 , (56)
where the seond irreduible luster integral βvir2 whih involves three nodes [21℄, is now written in terms of
geometrial measurements of the avity's boundary {A3(σ), JJ3(σ)} in three dimensions and two body integrals
bD in D ≥ 3. Baus and Colot [7℄ found βvir2 |D= −(bD)2wD(1/2). These type of relations may be interesting for
higher order integrals. The three body integral (two HS plus the avity) QD and its moments are linked with
several three body integrals desribing physial properties of the HS inhomogeneous uid in the low density
limit, inside a spherial avity and even outside a spherial substrate, whih will be disussed later in Se. 6.
Small avity limit: Looking at the opposite situation of high density or aging limit we found the nal solid,
i.e., the densest available onguration of the system. This limiting behaviour has been extensively studied for
the HS homogeneous solid system, but also, in small systems [39,49℄. The aging limit of 2-HS-HWSP is obtained
at the root z = 1. The redued partition funtion has an interesting series representation in the neighboring of
z = 1 (valid for z ≤ 1)
qD(z) = (1 − z2)(D+3)/2C2,0 (1 + C2,1 (1 − z2) +O2(1− z2)) , (57)
with C2,0 = C1,1/(D+3), C2,1 =
7−D2
2(D+5) . It shows that CI goes to zero as (1− z)(D+3)/2 when system beomes
aged. The partition funtion is then
QD ≃ σ3(D−1)/2(R − σ/2)(D+3)/2C3,0(1− σ−1C3,1(R − σ/2) +O2(1− 2R/σ)) , (58)
here C3,0 = C2,0 2
3−D(SD/D)
2
and C3,1 = 2
−1(−9+ 8C2,1 +5D). Sine QD is identially zero for R < σ/2 Eq.
(58) implies that QD is non-analyti at R = σ/2. For odd D, the derivative of order 2 + (D+ 1)/2 and beyond
are zero. However, for even D the derivatives of order 2 + D/2 and bigger involves an innite disontinuity.
When a losed system of hard partiles is aged as a onsequene of the high onnement, the spatial degrees of
freedom that beomes lost are related to a zero measure set in the CI integral similar to (1). The onsequene
is that Q beomes zero, and the signature of the frozen spatial freedom is the order of this root. We introdue
the number of spatial lost degrees of freedom LDF and the omplementary number of kept degrees of freedom
KDF , their addition provides the total spatial degrees of freedom LDF +KDF = N ·D where N = 2 is the
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Figure 2 (olor online) Charateristi values of density prole. Densities, at the entral plateau ρ0 (ontinuous line) and
at ontat ρc (dashed line) as a funtion of pore size. From top to bottom dimensions D = 3, 5, and 7. Rough density ρ¯
for D = 3 is showed in dotted line.
atual number of partiles. We relate LDF with the exponent (D + 3)/2 in (58). For the studied system of
2-HS-HWSP in the aging limit we obtain
LDF = (D + 3)/2 = 1 + (D + 1)/2 , (59)
KDF = 2D − LDF = (D − 1) 3/2 . (60)
In next setions we will study LDF and KDF in other situations.
3.3 The one body distribution
The one body distribution funtion are qualitatively similar for all the dimensions and was previously desribed
in detail for D = 2 and 3 [49℄ (Fig.2 therein). A peuliarity of ρ(r) is the plateau of onstant density that
appears for R > σ, and whih extends from the enter to r = R − σ. For σ/2 < R < σ a null density plateau
develops in the range 0 < r < σ −R. Therefore, the entral plateau density is
ρ0 = 2Q
−1
D VD
[
1− (2z)D] = 2 (VD − 2bD) /QD , (61)
if R ≥ σ, while ρ0 = 0 if σ/2 ≤ R < σ. Other interesting magnitude is the density at the wall or ontat density
ρc = ρ(r = R),
ρc = 2VD Q
−1
D
{
1− 1
2
[
wD(1− 2z2) + (2z)DwD(z)
]}
. (62)
These quantities are shown for several dimensions as a funtion of pore size in Fig. 2. We introdue the rough
or mean number density ρ¯ = 2/VD(R) for omparison. We would like to emphasize that ρ(r) is a disontinuous
funtion at the avity surfae falling down to zero outside the avity and, also, is non-analyti at r = Abs(R−σ).
The funtion ̺(r) a regularized version of ρ(r) at r = R, may be introdued by the short-hand
ρ(r) = eA(r) ̺(r) , (63)
whih must be understood with the help of Eq. (16). It is similar to ρ(r) but inludes its analyti ontinuation
for R ≤ r ≤ R+ σ and therefore is a smooth funtion at the hard wall ([16℄, p.166 therein, this proedure was
also used in the ase of homogeneous uids, see Eq. (6.11) in [5℄).
4 Other Closely Related Systems
It is possible to establish interesting relations between the CPF of 2-HS-HWSP and that of other systems. One
of them involves the one stik or dumbbell in the spherial pore, where we think the stik as a rigid body formed
by two stiked HS. Other system is that omposed by two hard spherial bodies whih are onstrained to move
between the HWSP and an inner hard spherial ore. For suiently large hard ore radius we nd the limiting
ase of 2-HS that are able to move on the surfae of a sphere. We may imagine that this system is onstituted by
two HS stiked to the surfae of the HWSP, all immersed in a D dimensional eulidean spae. Therefore, it has
an eetively redued dimension of D− 1. Both systems may be seen as originated in the 2-HS-HWSP and they
emerge as a onsequene of the addition of a new stiky property. Interestingly, this property is easily introdued
by a simple transformation. In PW we will not make a general digression about this transformation, but we
simple state that a stiky-bond transformation is performed when one or several of the e or f funtions in (1,
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18) is transformed in a Dira delta funtion or s-bond. In a system of many hard bodies in a hard pore a stiky
transformation may be done for example by stiking one partile on the surfae of the pore, or stiking partiles
together. The stiky-bond transformation is interesting beause in an N -body system the most ompat spatial
onguration, or nal solid may be obtained through a series of suh operations. It may also mimi a nuleation
or ondensation proess, the adsorption on a surfae and even some hemial reations. In this setion the
temperature and kineti fator are not relevant, then we simply make Λ = 1 and then CI and CPF are equal.
We may mention that the stiky bond implies that the two bodies must x their distane, then, even when the
onept is related with the adhesive hard sphere bond of Baxter [6℄ they are not equivalent.
4.1 The one stik in a HWSP Partition Funtion
When two HS beome stikied together they onform a rigid body beause the s-bond x the inter-partile
distane to σ, they form a stik. The stiky-bond transformation may be done by applying the derivative ∂σ to
QD on Eqs. (1, 18)
QD/b = Cb ∂σQD , (64)
the b-subindex label means body-partile opposite to point-partile whih may be used to desribe a HS. The
onstant Cb = −σ−(D−1) is found from the large size limit, obtaining
QD/b = SD QD g˜(σ) = SD VD(R)wD(z) . (65)
Iterative onstrution of wD(z) and limits z → 0 and z → 1 were desribed in Setion 3.1. Limiting behaviour
of the partition funtion QD/b is, from Eq. (29)
QD/b = SDVD(R)−AD(R)SD+1σ(2π)−1 − JJD(R)SD+3
D + 1
D − 1σ
3(253π2)−1 +OD−5(R) , (66)
= SD
(
VD(R)−AD(R)σ BD/D − JJD(R)σ3BD (4!D(D − 1))−1
)
+OD−5(R) , (67)
Note that VD(R) is the volume for one HS partile in the spherial avity but V ol = QD/b/SD is the atual
volume of the pore for the rigid partile omposed by two point partiles with x separation σ, they are strongly
dierent only for small R in fat
VD(R)− V ol(R)
VD(R)
=
σ
R
BD
[
1−
( σ
R
)2 D − 1
4!
]
+O5(
σ
R
) . (68)
The rst orretion to the one HS CPF is related to the Volume oeient of QD and the next one relates to
the Area oeient as a onsequene of Eqs. (53, 65). The relation may be ompatly written σD−1+mSD+m =
2∂σbD+m and is a diret onsequene of Eqs. (7, 8). The power at whih QD/b → 0 .i.e LDF is now, from Eq.
(30),
LDF = (D + 1)/2 . (69)
When this system beomes aged it onforms a linear rigid rotator. The dierene between LDF in Eq. (69) and
LDF in Eq. (59) is attributable to the relative distane between both HS. Then we interpret that LDF of QD
orresponds to one degree of freedom from the relative distane between both HS and (D+1)/2 orresponding
to the LDF of QD/b related to the rigid rotator degrees of freedom.
4.2 The spherial pore with a hard ore
Other losely related system is that of two partile onned in a spherial pore with a xed entral hard ore.
The main interest to solve this pore shape is the study of the dimensional rossover between D and D − 1
dimension, whih happens when the internal ore beomes so large that the two HS may only move on the
surfae of the D-sphere, an eetive D − 1 urved dimensional spae. This type of non planar surfaes was
introdued by Kratky [26℄ in the study of the HS homogeneous systems. Exat results for two, three and four
hard partiles onned in this non eulidean surfae embedded in D = 3 have been reported [41℄. Besides,
the 2-HS-HWSP with a hard ore (2-HS-HWSP+HC) is by itself interesting ause it is a highly non trivial
onave pore. The atual volume of the system is VD(R) − VD(R − h), being R − h ≥ 0 the radius of the
ore and 0 ≤ h < R. The CI of 2-HS-HWSP+HC was written in Eq. (1) but Eq. (3) must be replaed by
ei = exp[−βψ(ri)] = Θ(R − ri)−Θ(R − h− ri). Expanding the produt of Heaviside funtions we obtain
QD(R, h) = SDVD(R)
∫ 2R
σ
rD−1wD(r/2R) dr + SDVD(R− h)
∫ 2(R−h)
min(σ,2(R−h))
rD−1wD(r/2(R − h)) dr
−2SDVD(R− h/2)
∫ 2R−h
min(σ,2R−h)
rD−1ζD(r/(2R − h), h/(2R− h)) dr , (70)
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where we have made expliit the onditions on the integration intervals. From them, we observe that CI breaks
in three branhes depending on σ ≤ 2(R − h) or 2(R − h) < σ ≤ 2R − h or 2R − h < σ ≤ 2R. Last row,
also shows that CI separates in two branhes aording to Eq. (14) depending on σ ≤ h or not. Equation (70)
beomes
QD(R, h) = V
2
D(R) qD(z) + V
2
D(R− h)Θ(2(R − h)− σ) qD(σ/2(R − h))
−2V 2D(R¯)Θ(2R− h− σ) 2DD
∫ 1
τ
yD−1 wD(y,∆) dy (71)
−2Θ(2R− h− σ)Θ(h − σ)VD(R− h)(VD(h)− VD(σ)) ,
being R¯ = R − h/2 and τ = max(∆,σ/2R¯). It is lear from Eqs. (71, 31) that at eah branh QD is a nite
power series in R, h and σ only for odd dimension. The dimensional systemati of the integral in (71) beomes
a omplex task, then we only analyse with more detail D = 3 and some harateristis for D = 2, 4, and 5. For
D = 3 we evaluate the integral to obtain an expliit expression for the partition funtion, here we present the
result for σ ≥ 2(R− h),
Q3(R, h) =

V ol2 − V ol 2b3 +Ar 2a3 − Cur 2δ(1)3 , if h ≥ σ ,
V ol2 − V ol 2b3 +Ar 2a3λ (8− 6λ+ λ3)/3+
−Cur 2δ(1)3 λ3 (8− 9λ+ 2λ3) , if h < σ ,
(72)
where λ = h/σ, and V ol, Ar and Cur are the measurements of volume, surfae area and boundary quadrati
urvature for the atual pore, i.e. V ol = V3(R) − V3(R − h), Ar = A3(R) + A3(R − h) and Cur = JJ3(R) +
JJ3(R − h) = 25π. Notieable, the partition funtion is polynomial in eah domain, and has ontinuous seond
derivative in h = σ but a disontinuous third derivative. It is surprising that the volume oeient 2b3 and
the entire partition funtion when h ≥ σ looks exatly equal to Q3 (see Eq. (53) and Ref. [49℄) with dierent
Volume, Area, and Curvature measures. We also have established that the entral position of the xed hard
ore is not essential, rst row of Eq. (72) is valid for any internal xed hard ore as long as its boundary is
separated from the outer spherial pore wall a distane ≥ σ. The limiting behaviour as h→ 0 to rst non null
order in h is, from Eq. (72)
Q3(R, h≪ σ) = h2
(
A23(R)−A3(R)πσ2
)
+O3(h) = h
2S3A3(R)
(
R2 − (σ/2)2)+O3(h) , (73)
oinidentally b2 = πσ
2
is equal to the rst non ideal gas orretion. Here Q goes to zero as h2, i.e., the system
lost two degrees of freedom. It is an expeted property, whih must be valid independently of the dimension
and even the number of partiles, QD(R) ≃ hN for R large enough. After h goes to zero, Q/h2 goes to zero as
(R− σ/2) it is the aging limit. In the 2-HS-HWSP in D = 3, three degrees of freedom are lost when R→ σ/2
(see Eqs. (49, 57, 58)) as the system beomes aged, in the spherial pore with an internal ore they are lost in
two steps.
The study of the systemati dependene on the dimension number of the h→ 0 limit is not easily available
from Eq. (70). However, from Eq. (71) we nd that the partition funtion for h → 0 is QD = h2QD/s +O3(h)
with QD/s the onguration integral for both HS onned to the surfae of the D-dimensional sphere also known
as the alottes problem [41℄. By means of two stik transformation, the QD/s may be expressed as
QD/s = SD ∂R1∂R2QD(R1, R2)|R1=R2=R = SD ∂R1∂R2
∫ R1+R2
σ
WD(r, R1, R2)r
D−1 dr
∣∣∣∣∣
R1=R2=R
, (74)
where QD(R1, R2) is the CI in Eq. (18) but with a dierent onnement radius for eah partile, whih is known
for D = 2, 3 [49℄. Here, we transform the eA, eB Heaviside funtions on Eqs. (1, 17) into Dira delta funtions
through the derivatives −∂Ri, stiking both HS on the surfae. For pratial purposes is muh easier to evaluate
QD/s from
QD/s = AD(R)SD−1R
D−1
∫ pi−d
0
sinD−2(θ) dθ , (75)
QD/s = A
2
D(R)uD−2(z) , (76)
where AD(R) is the system volume and the minimum angular distane between partiles is d = 2 arcsin(z).
Here uD−2(z) is the redued partition funtion whih plays the same role that qD played in the HWSP, then we
dene qD/s(z) ≡ uD−2(z). As far as the iterative onstrution of the uD(z) funtions was previously desribed
we present the funtion for D = 1, 2, 3, 4, and 5
q1/s(z) = 1 , (77)
Statistial Mehanis of Two Hard Spheres in a Spherial Pore, Exat Analyti Results in D Dimension 11
q2/s(z) =
2
π
arccos(z) , (78)
q3/s(z) = 1− z2 , (79)
q4/s(z) =
2
π
[
arccos(z) +
√
1− z2 z(1− 2z2)
]
, (80)
q5/s(z) = 1− 3z4 + 2z6 , (81)
an extra 1/2 fator must be onsidered in Eq. (77) due to a kind of ergodi to non-ergodi transition. The
asymptoti behavior may be aomplished with the approximate series representations for qD/s [1℄
qD/s(z) = 1− zD−1C4
[
1− (D − 3)(D − 1)
2(D + 1)
z2 +
(D − 5)(D − 3)(D − 1)
23(D + 3)
z4 +O6(z
2)
]
, (82)
qD/s(z) = (1− z2)(D−1)/2C4
[
1− (D − 3)(D − 1)
2(D + 1)
(1− z2) +O2(1− z2)
]
, (83)
where C4 =
[
D−1
2 B(
D−1
2 ,
D−1
2 )
]−1
and trunated terms in Eq. (82) are even powers in z. A notieable hara-
teristi of both series is that they have the same numerial oeients and both are polynomial with 2(D − 2)
degree for odd dimension. The approximate series for QD/s are then
QD/s = A
2
D(R)−AD(R) 2bD−1 + JJD(R) 2bD+1
D − 3
D − 1(2
4π)−1 −OD−5(R) , (84)
where we note that bD−1 = 2πaD−2 and the urvature oeient is 6πδ
(1)
D−2 in onordane with Eqs. (54, 55),
and
QD/s = σ
3(D−1)/2C5 (R− σ/2)(D−1)/2
[
1− σ−1 (D − 1)(7D − 9)
2(D + 1)
(R− σ/2) + σ−2O(R − σ/2)2
]
, (85)
where C5 = 2
2(D−1)
BD/D and the low density limit implies a vanishing urvature limit too. From Eq. (84) we
may obtain the rst luster integral orretion due to the spae urvature for this non eulidean ontainer or
spherial boundary onditions. We may ompare the rst luster integral in the (D− 1)-eulidean spae 2bD−1
with the luster integral in the surfae of a sphere in D-dimensions 2bD/s = (QD/s − A2D(R))/AD(R), only
for D = 3 we have 2bD/s = 2bD−1, for any dimension we obtain lim
R→∞
2bD/s = 2bD−1. Partition funtion for
D = 2, 4, and 5 are
Q2/s = A
2
2(R)−A2(R)S2
2R
π
arcsin(z) , (86)
Q4/s = (πR
3)2(1− arcsin(z) + z(1− 2z2)(1 − z2)1/2) , (87)
Q5/s = A
2
5(R)−A5(R)π2σ4/2 +A5(R).R−2π2σ6/12
=
(
4π
3
√
2
)2
R2(R − σ
2
)2(R+
σ
2
)2(2R2 + σ2) . (88)
Analyzing the way in whih QD/s goes to zero we obtain from Eq. (83) that,
LDF = (D − 1)/2 = (D + 3)/2− 2 , (89)
i.e. two LDF from QD orresponds to the onnement of both partiles on the avity surfae. Now, we are able
to extend the results about LDF in QD, QD/b and QD/s we may argue that if we stik both partiles between
them and to the surfae we nd
LDF = (D − 3)/2 = (D + 3)/2− 3 , (90)
where eah stik-bond transformation has redued the LDF on one unit. The idea is that the same nal solid-like
onguration an be obtained in several ways, but its state properties an not depend on the partiular taken
path. Therefore, to stik partiles between them, next stik eah partile to the surfae and nally age the
system must produe the same CI (basially the system free energy) that is obtained diretly from the aging
of the 2-HS-HWSP.
12 Ignaio Urrutia and Leszek Szybisz
D
Coe. Eq. -1 0 1 2 3 4 5
SD (9) −pi
−1 0 2 2pi 4pi 2pi2 8pi2/3
2bD/σ
D
(8,53) pi−1 1 2 pi 4pi/3 pi2/2 8pi2/15
2aD/σ
D+1
(53) − − 1/2 2/3 pi/4 4pi/15 pi2/12
2δ
(1)
D /σ
D+3
(53) − − − 1/60 pi/288 pi/378 pi2/1536
C1,0 2
D 1/2 1 2 4 8 16 32
C1,1 (52) −1/2 0 1 2
5/(3pi) 9 210/(15pi) 50
−C1,2 (52) 0 0 0 2
4/(15pi) 2 29/(21pi) 25
C2,0 (57) − 0 1/4 2
5/(15pi) 3/2 210/(105pi) 25/4
C2,1 (57) − 7/10 1/2 3/14 −1/8 −1/2 −9/10
LDF (57,58,59) 1 1.5 2 2.5 3 3.5 4
C3,0 (58) − 0 4 2
6pi/15 8pi2/3 27pi3/105 4pi4/9
C3,1 (58) − −17/10 0 19/14 5/2 7/2 22/5
C4 (82) − − 1/2 2/pi 1 16/(3pi) 3
C5 (85) − 1 1/2 4/pi 4 128/(3pi) 48
Table 1 Several onstant oeients of the series representation of CIs and other funtions. Some values for D = −1
and 0 orrespond to a suitable limiting behavior.
5 Mehanial equilibrium and Pressure tensor
To make a more omplete and mirosopi haraterization of the system it is neessary to evaluate the pressure
tensor. Briey, pressure tensor, density and external potential are related as a onsequene of the mehanial
equilibrium by
∇ ·P+ ρ∇ψ = 0 , (91)
where the expliit position dependene of the magnitudes has been dropped. In any inhomogeneous system the
tensor an be split into
P = β−1ρ Id+PU , (92)
where Id is the D×D identity matrix and PU is the interation part of the tensor [36℄. In systems with spherial
symmetry PU is diagonal with only two dierent omponents [9,40℄ the normal and tangential omponents PUN
and PUT
PU = PUN rˆrˆ+ P
U
T (ϕˆϕˆ+ θˆ1θˆ1 + ...+ θˆD−2θˆD−2) , (93)
where ϕˆ, θˆ1, ..., θˆD−2 are the angular versors. Then, for systems with spherial symmetry Eq. (91) may be
written as
∂rPN +
D − 1
r
(PN − PT ) + ρ∂rψ = 0 . (94)
Further simpliations apply to a hard wall ontainer, there ρ(r) is disontinuous at r = R but ̺(r) is not (see
Eq. (63)), we obtain from Eq. (94)
∂rPN +
D − 1
r
(PN − PT ) = −β−1δ(r −R) ̺ , (95)
∂rP
U
N +
D − 1
r
(PUN − PUT ) = −β−1eA(r) ∂r̺ , (96)
both equations are equivalent to Eq. (94) and then neessary onditions for an aeptable pressure tensor
denition. Nevertheless they are formally strongly dierent. The inhomogeneous term in the dierential equation
(95) shows at the boundary a divergent singular ontribution to the total pressure omponents with zero
ontribution from positions inside and outside the boundary. Although, inhomogeneous term in Eq. (96) shows
at the boundary a disontinuous singular ontribution to PU omponents, with non zero ontribution from
inside points. We will regress to this issue in a forthoming paragraph.
Turning now to the interation part of pressure PU , is known that its detailed expression is non unique.
Partiularly, dierent possible denitions of PU produe dierent values of pressure tensor in inhomogeneous
uids [9℄. In this work we adopt a pressure tensor denition extensively utilized in MD simulations [36℄, the
omponents of the pressure tensor for the two body system are
PUab(r) ≡
〈
raABF
b
AB(rAB)δ(r− rA)
〉
, (97)
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been ra = r · aˆ and F bAB(r) = − dφdr r
b
r the omponent of the fore between partiles in the bˆ diretion (see Eq.
(3.20) in Ref. [36℄). It has been argued that Eq. (97) an be obtained from the Irving Kirkwood pressure tensor
with the assumption of short range interation [36℄. Interestingly, the adopted denition for the pressure is an
intrinsi two bodies emergent property whih depends only on the position of two partile oordinates and does
not depend on any hoie of an integration path. In the present problem is important to notie that position
of both bodies are the point of pressure evaluation r = rA and the integrated position rB in the mean value
of Eq. (97). It is a desirable property of PU (r) in any few body system that the mirosopi ongurations
with zero probability to nd a partile in position r must not ontribute to the pressure. This property is not
aomplished by the Irving-Kirkwood hoie for the pressure tensor. Equation (97) may be written as
PUab(r) = (βQD)
−1eA(r)
∫
e′ABeB
raABr
b
AB
|rAB| drB , (98)
where rAB = r− rB and e′AB = δ(rAB − σ). Changing the integration variable to rAB and integrating over the
radial oordinate one gets
PUab(r) = (βQD)
−1σDeA(r)
∫
eB(rB)rˆ
a
ABrˆ
b
ABdΩAB , (99)
with rB = |r− σ rˆAB| and rˆb = rˆ · bˆ. The two independent omponents of this tensor are
PUN (r) = (βQD)
−1eA(r)σ
DSD−1
∫
eB cos
2 θ sinD−2 θ dθ , (100)
PUT (r) = (βQD)
−1eA(r)σ
DSD−1(D − 1)−1
∫
eB sin
D θ dθ , (101)
where the integration interval (0, π) may be redued to (θmin, π) by the eet of eB, with θmin = 0 if r < R−σ,
θmin = π if |r − σ| > R, and θmin = π − arccos(−R2 + σ2 + r2)/(2rσ) otherwise. Both integrals expressed in
terms of known funtions are
PUN (r) = (βQD)
−1eA(r) 2
−1VD(σ) [DwD−2(cosα) − (D − 1)wD(cosα)] , (102)
PUT (r) = (βQD)
−1eA(r) 2
−1VD(σ) wD(cosα) , (103)
where cosα = 1 if r > R + σ, cosα = −sign(R − σ) if r < R − σ and cosα = (−R2 + σ2 + r2)/(2rσ) if
R − σ ≤ r ≤ R + σ. Figure 3 shows both pressure tensor omponents as a funtion of position into the avity.
We observe that when the pore is big enough, R > σ, a pressure plateau develops at the enter of the pore in
the range 0 ≤ r < R− σ. In the region R− σ ≤ r < R the inhomogeneous pressure region develops. The shape
of pressure tensor and density proles are simply orrelated (see Fig. 2 in [49℄), their onstant value plateau
and inhomogeneous regions oinide, even more, when plateau density beomes null, pressure goes to zero too.
In the homogeneous region the normal and tangential omponents of the pressure tensor beome equal, and the
0 0.5 1
r / σ
0
0.5
1
β P
 σ
D
D=5
D=4
D=5
D=4
Figure 3 (olor online) Pressure tensor omponents. Continuous line orresponds to PN and dashed line to PT . Two
avity sizes R/σ = 0.9 and R/σ = 1.2, and two dierent dimension D are shown. The arrows indiate R/σ values.
pressure tensor redues to a onstant salar pressure P0 [9℄. In this ase Eqs. (102, 103) lead to
PUN,T (0) = P
U
0 = (βQD)
−12bD , (104)
nally, aording to Eq. (92) the pressure in the homogeneous density plateau is
βP0 = ρ0 +
2bD
QD
= 2(VD − bD)/QD , (105)
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for R ≥ σ while βP0 = 0 for σ/2 ≤ R < σ. The value of the pressure tensor at ontat an be obtained from Eqs.
(102, 103) with r = R and cosα = z = σ/(2R) but no further simpliation may be done. In Fig. 4 we plotted
the harateristi values of the pressure tensor. There we an observe that the maximum of P0 is attained at
smaller R than the maximum of the density (see Fig. 2). We have veried that in the inhomogeneous region
0.5 1 1.5 2 2.5
R / σ
0
0.2
0.4
0.6
0.8
β P
 σ
D
P0
PN
PT
Figure 4 (olor online) Charateristi values of pressure tensor. Pressure, at the entral plateau P0 (ontinuous line)
and ontat value (r = R) of both omponents PN and PT (dashed line and dash-dotted line) as a funtion of pore size.
From top to bottom dimensions D = 3, 5, and 7 in triangles, squares and irles.
abs(R−σ) ≤ r ≤ R, Eq. (96) with PN,T from Eqs. (102, 103) is false. Two probable reasons may be argued, the
invalid short range hypothesis for the HS potential for nonuniform density, and/or the inorret pressure tensor
denition of Eq. (97) due to the hard wall boundary ondition (see Eq.(3.5) in [40℄). As far as the mehanial
equilibrium of Eq. (96) is still valid in the homogeneous plateau, and pressure should not strongly depend on the
denition details in this region, we aept the validity of the obtained pressure tensor for 0 < r < abs(R−σ). It
is partiularly interesting to analyse the point r = R where we nd ∂r̺ > 0. We may note that the disontinuous
behaviour of PUN (but not of P
U
T ) at r = R violates Eq. (96). The existene of the Heaviside fator eA(r) on
the right hand side of Eq. (96) must be balaned with the same global fator at the left side, and forbids the
appearane of an unompensated Dira delta. However, the derivative of a disontinuous PUN just produe a
singular Dira delta at r = R. If we assume the validity of this equation one obtains that the disontinuity is
ompletely unphysial. Thus, we need the ontinuity of the interation normal omponent of the pressure tensor
to overome the mismath.
6 The Equation of state and the Laplae Equation
We are interested in the equation of state (EOS) of the 2-HS-HWSP, i.e. the thermodynami desription of the
omplete inhomogeneous system. We adopt a point of view usually taken in spherial droplets whih makes a
desription in terms of the properties in the homogeneous regions of the system. In this setion we drop any
expliit unneessary D subindex and dependene on avity size R, then V = VD(R), Q = QD(R) and so on.
The properties in the homogeneous region may be found from Eqs. (61, 105). From these Eqs., for R > σ we
obtain
βP0
ρ0
= 1 +
b
2
ρ¯
1− bρ¯ , (106)
= 1 +
1
2
(V/2b− 1)−1 , (107)
where the ompressibility fator at the onstant density plateau is a simple funtion of ρ¯ or V . We may note that
both expressions diverge at R = σ and V = 2b. For this pore size the plateau of onstant density vanishes and
ρ0 = 0. Interestingly, in Eq. (107) we have found the bulk van der Waals EOS without the attrative term, the
only avor remaining the two body system is a 1/2 fator. Owing to Eq. (106) does not depend on geometrial
parameters whih resembles the avity's spherial symmetry it should be valid also for 2-HS onned in pores
with other geometries. In Eqs. (106, 107) P0, ρ0 and ρ¯ (or V ) are not independent variables, even, they are
funtions of system's size R. The Eq. (106) an be written in two forms whih resemble the ontat theorem for
the bulk homogeneous HS system (see Eq. (2.5.26) in [16℄ and also [42℄)
βP0 = ρ0 + bρ¯
2 g(σ)
w(z)
, (108)
= ρ0 +
b
2
ρ20
q(z)
(1− 2z)2 , (109)
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Figure 5 (olor online) Pressure in the homogeneous plateau. From top to bottom D = 2, 3, 4, and 5. Two dierent
hoies of density parameter are depited. At left hand side (a), in dashed line we adopt the ρ0 as density parameter. At
right hand side (b), in ontinuous line we adopt the rough density ρ¯.
where in fat g(σ)/w(z) = (2q(z))−1 and then g(σ)/w(z)→ 1/2 when R→∞. The Eqs. (108, 109) make sense
only for 0 ≤ z < 1/2 or σ < R ≤ ∞, where for the smallest pore (R = σ and z = 1/2) ρ0 = 0. In suh a ase, the
term whih multiply ρ¯2 in Eq. (108) takes a nite value, but, the term whih multiply ρ20 in Eq. (109) diverges.
However, Eq. (109) goes to zero. This shows an only apparent dierent behaviour, beause Eqs. (108, 109) are
dierent representations of the same equation. At large R the overall and plateau densities are related by
ρ0 ≃ ρ¯− a
2
ρ¯3A(R) ≃ ρ¯− C6 ρ¯2+1/D , (110)
with C6 = (D
D−12−1SD)
1/DaD and A(R) ∼ ρ−(D−1)/D0 ∼ ρ¯
−(D−1)/D
for D > 1. Polynomial expressions for the
pressure as a funtion of density, may be found by onsidering the rsts terms of P0 as a density power series
βP0 ≃ ρ0 + b
2
ρ20 +
b2
2
ρ30 +
b
4
ρ40
(
2b2 + aA(R)
)
, (111)
≃ ρ¯+ b
2
ρ¯2 +
1
2
ρ¯3
(
b2 − aA(R)) . (112)
Here we hoose two density parametrization, the plateau density and rough density, ρ0 and ρ¯ respetively. The
expansions in Eqs. (111, 112) end at the order of the rst signature of the inhomogeneity. Both equations show
that the rst orretion to the ideal gas behaviour is positive and involves the expeted losed system orretion
[23℄. Besides, the Eqs. (111, 112) involve terms with higher powers in the density than two. This feature may
sound oniting in a two body system, but in fat, it is a diret onsequene of the xed number of partiles
that haraterizes the Canonial Ensemble approah. In Fig. 5 we plot the pressure in the homogeneous plateau
as a funtion of both density parameters. In Fig 5 (a) we adopt the plateau density ρ0. There, an important
harateristi is apparent, for small avities σ/2 < R < σ we obtain ρ0 = 0 and P0 = 0 (see also Figs. 2 and 3).
The anomalous bi-valued behaviour of P0(ρ0) is a onsequene of the non monotoni behavior of the density in
the homogeneous region as was shown in Fig. 2. In Fig. 5 (b) we adopt the rough density ρ¯. For P0(ρ¯) we nd a
simpler general dependene with a monotoni behaviour until ρ¯ = 2/V (1) is reahed. Note that the maximum
attainable density is ρ¯max = 2/V (1/2). In both Figs. 5 (a) and (b) the pressure attains its maximum when the
density plateau disappears at R = σ and then pressure drops disontinuously to zero. Interestingly, both used
density parameters {ρ0, ρ¯} are usually utilized to desribe the behaviour of marosopi uid systems. From
an opposite point of view, we may onentrate in the external fore and on ontat properties. From the wall
theorem [11,28℄ the total salar fore between the wall and the HS system in a pressure form is
dR ln(Q˜) ·A(R)−1 = βPW = ρc , (113)
with ρc from Eq (62). The general features of βPW (R) for D = 2 and 3 an be seen in Fig. 1 of Ref. [49℄. There,
the basi systemati behaviour with inreasing dimensionality is apparent. As a onsequene of the hain rule
of the derivative and the stiky bond transformation the numerator of ρc is the CI of one HS in a diminished
volume. The allowed volume for the HS partile is the free volume available when the other HS is stiked to the
surfae. The asymptoti behaviour of PW may be obtained from Eqs. (53, 58). For D = 2 and 3 it was studied
in [49℄. In the aging limit, when R→ σ/2, PW diverges as
βPW ≃ D + 3
2A(σ/2)
(R − σ
2
)−1 , (114)
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βPW
ρ¯
≃ D + 3
4D
(V/V0 − 1)−1 , (115)
where V0 = V (σ/2) and the expressions in Eqs. (114, 115) are onsistent to order minus one in (R − σ2 ) and
(V/V0 − 1). The same power dependene of the ompressibility fator was found for the aging limit of N-
HS systems under periodi boundary onditions [44℄. A omparison between Eqs. (107) and (115) shows an
interesting similarity at D = 3.
Finally, we shall study the surfae tension of the system. Due to the failure of the obtained pressure tensor
we an not evaluate a mirosopi expression for the surfae tension, however we may adopt a marosopi
approah. Identifying the radius of the dividing interfae with R we dene γ˜ by
βjγ˜(R) = ρc − βP0 = β∆P , (116)
where at the left hand side appears the pressure dierene ∆P = PW − P0. If we identify γ˜ with the surfae
tension, the Eq. (116) is the original version of Laplae equation applied to a spherial substrate-uid interfae
[11℄. Besides, for D = 1 or R → ∞ we obtain the planar equilibrium ondition ρc = βP0. Figure 6 shows γ˜
for dierent radii and several dimensions D > 1. Some general features are: it is a positive dened quantity; at
large R the value of γ˜ goes to zero with an expeted power law dependent on D; in the opposite, as R/σ → 1/2
γ˜ inreases indenitely as ρc do. It an be observed a nite jump at R/σ = 1 due to a disontinuity in P0.
Probably suh disontinuities in P0 and γ˜ are unphysial artifats of the adopted denition for P
U
ab(r). For
R > σ we have
βjγ˜ = 2 [V − (1− c(z)) b− V + b] /Q ,
= 2b c(z)/Q , (117)
c(z) = 1− wD(z)− (2z)−DwD(1− 2z2) , (118)
where 0 < c(z) < 1 and the most relevant terms of c(z) are
c(z) ≃ (D − 1) BDz
[
2(D + 1)−1 − D − 3
3(D + 3)
z2
]
, (119)
where for D = 3 we obtain the somewhat surprising result c(z) = z 3/4. To rst non null order in density and
urvature we obtain
βγ˜ ≃ a
2
ρ¯2 − δ(1)D 2−1(D − 1)(D − 3)R−2ρ¯2 , (120)
where rst term does not show any urvature dependene. In Addition, to the same order of auray in density
we may replae ρ¯ → ρ0. We identify the rst density-non-urvature term as βγflat = a/2 ρ¯2. To rst non null
order we obtain
γ˜/γflat − 1 ≃ −
( σ
R
)2 (D − 3)(D + 1)
24 (D + 3)
, (121)
where the right hand term beomes null for D = 3. Unfortunately γ˜ is not the surfae tension but in fat it
is an exess free work. A better proposal for the denition of the surfae tension γ is a rened version of the
Laplae equation [20℄
∂Rγ + jγ = ∆P , (122)
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Figure 6 (olor online) Funtion γ˜, its dependene on pore radius for several dimensions. The dashed line shows the
disontinuity at R/σ = 1.
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where ∆P = jγ˜. Denition from Eq. (122) separates an expliit urvature dependent term from ∆P [11℄. The
asymptoti behaviour of ∆P is essentially desribed in Eq. (120), from that we obtain for the surfae tension
γ/γflat − 1 ≃ −
( σ
R
)2 (D − 1)(D + 1)
24 (D + 3)
, (123)
where now, the right hand term beomes null at D = 1. We may study the same system from a dierent radii
whih is an interesting point of view prinipally for non sharp interfaes usually found in uid droplets. Being
R′′ = R+ ε and following Henderson [20℄ we dene,
j(R)βγ(R) = j(R′′)βγ(R,R′′) + β∂R′′γ(R,R
′′) , (124)
its solution is
βγ(R,R′′) = βγ(R)
1
D
{
(D − 1)
(
R
R′′
)
−1
+
(
R
R′′
)D−1}
, (125)
and then
γ(R,R′′)/γ(R)− 1 = D − 1
2
( ε
R
)2
+O3(
ε
R
) , (126)
showing that rst orretion is seond order in ε/R and positive for D > 1.
We expet that, several of the above expressions may be generalized for any number of partiles N with
the addition of the overall N -dependent orretion fator [23℄. Here we do not demonstrate but merely suggest
that, the Eq. (120) should be multiplied by 2(1 − N−1) at right hand side [26℄ to beome valid to the same
order in density and urvature. The same modiation applies to γflat. However, this prefator does not modify
the ratios in Eqs. (121, 123). Therefore, for a large enough R we obtain for the N -HS-HWSP system in D
dimensions
βγflat ≃ a (1−N−1)ρ¯2 , (127)
γ/γflat − 1 ≃ −
( σ
R
)2 (D − 1)(D + 1)
24 (D + 3)
, (128)
both are new results even in the most interesting ase of D = 3. Furthermore, the Eq. (127) represents the rst
term of the density power series of the surfae tension for any hard wall avity. In addition, Eq. (128) applies
too for the onjugate system of a hard wall spherial ore surrounded by a HS uid. Finally, we are interested
in establish some relations between the studied system and the open (grand anonial ensemble) system of HS
in ontat with a hard spherial wall. The low density limit of an inhomogeneous open system was studied
by Bellemans and Sokolowski-Steki [8,45℄ who found the surfae tension virial series and apply it to the HS
system in ontat with a planar hard wall (ite I Ref. [8℄ and I, III Ref. [45℄) and ontained in a HWSP (ite
III in Ref. [8℄) in D = 3. In the HS inhomogeneous uid in a HWSP the γ rst power density oeient and
zero order in urvature is the same that appears when a planar wall is studied (from Area term in Eq.(53))
βBellΩ2 = W
S−S
2 /AD(R) = aD = bD+1(2π)
−1
whih may be found by taking N → ∞ at Eq. (127). The rst
urvature orretion of this should be δ
(0)
D . Bellemans obtained that in three dimensions this onstant is null,
δBellΩ2 = δ
(0)
3 = 0, and we obtain δ
(0)
D = 0 for D ≥ 2 (from the nonexistent RD−2 term in Eq.(53)), whereas the
rst non null urvature orretion is δ
(1)
D (from R
D−3
urvature term in Eq. (53)). To our best knowledge, all
this properties have been never studied or evaluated for D 6= 2 and 3 [8,34,45,49℄, and here we are showing the
systemati dimensional dependene in terms of the seond luster integral oeient in a higher dimensionality
spae (see Eq. (55)). Conisely, Eq. (4.5) in III Ref. [8℄ for a D dimensional system must be written as
γ/γflat − 1 = −j2 δ
(1)
D
aD
+O4(R
−1) +O(ρ)O(R−1) ,
≃ −
( σ
R
)2 (D − 1)(D + 1)
233 (D + 3)
. (129)
where now γflat is the surfae tension of the open system in ontat with a planar wall. An interesting fat is
that rst orretion is then quadrati in urvature and zero order in density. Besides, for a HS uid in ontat
with a hard onvex spherial wall (sometimes referred in the literature as a spherial avity inside of the bulk
uid) this rst order urvature orretion should be exatly the same. The term proportional to −R−2 in Eq.
(129) is 1/40 and 1/18 for D = 2 and 3 respetively and beomes greater than one for D ≥ 27. A onsequene
of Eq. (129) is that the Tolman length of the athermal system of HS-HWSP sales as δTol ∼ ρ for low density.
It seems that the study of the three partile system will provide the value of the proportionality onstant. We
may onlude this setion by noting that a urvature orretion proportional to σ/R should exist at Eqs. (121,
128) if we onsider a somewhat more realisti potentials with soft repulsion and/or attrative well.
Here, we have presented an study of the bulk properties of a system onsisting in 2HS-HWSP. In suh an
analysis we followed deliberately a non-thermodynami approah. Even when it may be unexpeted, the diret
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derivation of properties suh as the pressure and surfae tension using a thermodynami approah is not a
simple task [50℄. The full implementation of this path requires a areful evaluation of several problems related
with the nonextensivity of the system. This subjet will be analyzed in an inoming work.
7 Final remarks
The few body system onsisting of two hard spheres in a spherial pore in any dimension has been studied in
the framework of the anonial ensemble of statistial mehanis. It was showed that several properties of suh
an inhomogeneous spherial system an be exatly evaluated. Analytial exat expressions for the anonial
partition funtion Q˜D, density distribution funtion ρ(r), and pressure tensor P(r) were obtained. The iterative
onstrution of these funtions in terms of the same properties for dimensions lower than D was performed. We
should emphasize that neither approximations nor power series trunation were done along these derivations.
The study of the analytial properties of CI at the low density limit or large R value, and the highly onnement
limit or nal solid were analysed. We found that properties at both limits are orrelated. This beomes lear
for odd D values where the CI is a polynomial and low density limit involves high order R monomials, though
aging limit properties relates with the degree of the zero of CI at R = σ/2. We found that suh zero is of order
(D + 3)/2.
Other systems whih are losely related to the 2-HS-HWSP have been also analysed. The system of two
stiky HS or rigid linear body into a spherial pore was takled. The two HS into a spherial pore with a
smaller internal and xed hard ore was studied with speial emphasis in the limit of on surfae onnement.
Several exat relations between the three losely related systems were established by applying the stiky bond
transformation whih makes possible their unied study. It was examined the way in whih properties of the
three systems beome strongly dependent on the low density regime and on the opposite aging limit. Several
equations that relates the oeients of these systems were obtained.
The pressure tensor of the 2-HS-HWSP was investigated. The re-examination of the mehanial equilibrium
ondition for a system with a hard spherial boundary was done. New onstraints between non ideal pressure
tensor omponents and one body distribution funtion slope at ontat with the urved wall was obtained.
The analytial evaluation of one possible denition of the pressure were performed. The obtained expression
disregards the former equilibrium ondition and therefore the used pressure tensor denition must be onsidered
inorret or at most approximate.
The EOS of 2-HS-HWSP system was studied. We have analytially evaluated the pressure-density relation
and the surfae tension. In onnetion with the open system of HS in a HWSP, our results are onsistent
with that obtained by Bellemans [8℄ the rst orretion in the surfae tension due to the urvature in the
onning surfae is not of order R−1 in three dimension. We also show (see Eqs. (53, 55) and (129)) that the
rst orretion has order R−2 independently of the system's dimensionality and is zero order in density. In
addition we determined the value of the oeients orresponding to the rst inhomogeneous and rst non
planar wall orretions for all dimensions, Eqs. (54, 55). To the best of our knowledge, it is the rst time that
both oeients are evaluated.
The In-Out relation introdued in Ref. [49℄ and desribed in Setion 2, the stik transformation introdued
in Setion 4, and several results (e.g., Eqs. (53, 66, 72) and (84)) suggest interesting links with the mathematial
theory of Convex Bodies also known as Integral Geometry [35,37℄ that will be studied in future works.
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A Appendix: Properties of wD(y,∆)
This appendix is devoted to the iterative onstrution of wD(y,∆). The proedure to iteratively build wD(y,∆)
is traed from Eqs. (23, 31) where the last one applies only for ∆ ≤ y ≤ 1. We dene the omplementary
funtion of wD(y,∆) (see Eq. (31)), w˜D(y,∆)
w˜D(y,∆) ≡ 1
2
(1 +∆)
D
wD(x
′)− 1
2
(1−∆)D wD(x′′) . (130)
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with x′ = r′/2R1 = (y
2 + ∆)/[y (1 + ∆)] and x′′ = r′′/2R2 = (y
2 − ∆)/[y (1 − ∆)]. From the denition of
wD(y,∆) (31), replaing wD(x) with the aid of Eq. (23) and rearranging terms we obtain
wD(y,∆) = (1 +∆
2)wD−2(y,∆) + 2∆w˜D−2(y,∆)−((
R1
R¯
)D
x′(1− x′2)(D−1)/2 +
(
R2
R¯
)D
x′′(1− x′′2)(D−1)/2
)
BD/D , (131)
Following a similar approah with Eq. (130) and writing {R1, R2} in terms of y and ∆ we obtain the iterative
relations
wD(y,∆) = (1 +∆
2)wD−2(y,∆) + 2∆w˜D−2(y,∆)−
y2−D
(
(1− y2)(y2 −∆2))(D−1)/2 2BD/D , (132)
w˜D(y,∆) = 2∆wD−2(y,∆) + (1 +∆
2)w˜D−2(y,∆)−
∆y−D
(
(1− y2)(y2 −∆2))(D−1)/2 2BD/D . (133)
First funtions of the series are
w−1(y,∆) = 1/(1−∆2) , (134)
w˜−1(y,∆) = −∆/(1−∆2) , (135)
w0(y,∆) =
1
π
[
arccos(
y2 +∆
y(1 +∆)
) + arccos(
y2 −∆
y(1 −∆) )
]
, (136)
w˜0(y,∆) =
1
π
[
arccos(
y2 +∆
y(1 +∆)
)− arccos( y
2 −∆
y(1 −∆) )
]
, (137)
w1(y,∆) = 1− y . (138)
w˜1(y,∆) = −∆ (1− y) /y . (139)
B Appendix: Properties of qD(z) and uD(z)
This appendix is devoted to dedut a few properties of funtions qD(z) and uD(z). We begin summarizing four
properties of Ix(a, b) (from [1℄ and [2℄ p. 944)
Ix(a, b) = 1− I1−x(b, a) , (140)∫
xc−1Ix(a, b) dx = c
−1xcIx(a, b)− c−1Γ (a+ b)Γ (a+ c)
Γ (a)Γ (a+ b+ c)
Ix(a+ c, b) , (141)
Ix(a, b) = Ix(a+ 1, b) + (aB(a, b))
−1xa(1− x)b , (142)
Ix(a, a) = 2
−1I1−4(x−1/2)2(a, 1/2) , with x ≤ 1/2 . (143)
The dedution of Eqs. (41, 44) for q(z) follows from the denition on Eq. (18)
qD(z) ≡ 2DD
∫ 1
z
xD−1 wD(x) dx , (144)
where 0 < z < 1, whih may be rearranged using Eqs. (19, 140)
qD(z) = 2
DD
∫ 1
z
tD−1 I1−t2((D + 1)/2, 1/2) dt ,
= 2D (1− zD)− 2D−1D
∫ 1
z2
tD/2−1It(1/2, (D+ 1)/2) dt , (145)
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integrating on through identity (141), and using Eq. (140) and denitions of Eqs. (19, 41)
qD(z) = 2
D(1 − zD)− 2D
(
tD/2It(1/2, (D + 1)/2)− 2−DIt((D + 1)/2), (D+ 1)/2)
)∣∣∣1
z2
= 2D(1 − zD)− 2D I1(1/2, (D + 1)/2) + (2z)DIz2(1/2, (D + 1)/2) +
I1((D + 1)/2, (D+ 1)/2)− Iz2((D + 1)/2, (D+ 1)/2)
= −(2z)DI1−z2((D + 1)/2, 1/2) + I1−z2((D + 1)/2, (D + 1)/2)
= uD(z)− (2z)DwD(z) . (146)
Interestingly, above expressions may transform to show a omplete dependene on wD(z). Using the identity
(143) and the analyti extension of wD(z) (10) we nd uD(z) = 2
−1wD(z
′) with z′ = 2z2 − 1, and
qD(z) = 2
−1wD(z
′)− (2z)DwD(z) , (147)
therefore, qD(z) may be built in terms of the reurrene relation Eq. (23). With the purpose of dedue the Eq.
(44) we will nd some identities not available in the literature of Refs. [2,1℄. From (140, 142) we obtain
I1−x(a, b) = I1−x(a, b+ 1)− (bB(a, b))−1xb(1− x)a , (148)
I1−x(a, b) = I1−x(a+ 1, b) + (aB(a, b))
−1xb(1− x)a , (149)
applying both reurrene relations we nd
I1−x(a+ 1, b+ 1) = I1−x(a, b) + (a bB(a, b)/(a+ b))
−1xb(1− x)a( a
a+ b
− x) , (150)
I1−x(a+ 1, a+ 1) = I1−x(a, a) +
2Γ (2a)
aΓ 2(a)
xa(1− x)a(1
2
− x) , (151)
and then using Eq. (41)
uD(z) = uD−2(z) +
Γ (D)
Γ 2((D + 1)/2)
zD−1(1 − z2)(D−1)/2(1
2
− z2) . (152)
From Eq. (41) the rst funtions uD(z) of the series may be obtained (see Eqs. (42, 43)). Finally, we may
mention that qD(z) ould be also dened as the solution of the seond order dierential equation
∂2zqD − (D − 1) z−1∂zqD = 2D−1BDD
(
z2(1− z2))(D−1)/2 , (153)
with boundary onditions qD(0) = 1 and qD(1) = 0.
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